ON THE PROBLEM OF UNIQUE CONTINUATION 
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Abstract. We consider the problem of unique continuation for 
the solutions to the p-Laplace equation 

V • {\Vu\P-^Vu) = 0, 

where 1 < p < oo. Namely, can two different solutions coincide in 
an open subset of their common domain of definition? We obtain 
some partial results on this interesting problem. 



1. Introduction 

Consider the p-Laplace equation in an open connected set G C 
n > 2, 



ApM = V ■ (|Vm|p~Vm) = 0, l<p<oo. (1.1) 

For p = 2 we recover the Laplace equation Au = 0. The classical unique 
continuation principle for the p-Laplace equation can be formulated as 
follows 

(i) Let ui and U2 be two solutions to f 1 1.1 1) such that ui = U2 in an 
open subset of G. Then ui = U2 in G. 

(ii) Let u be a solution to (11. ip such that u = in an open subset 
of G. Then m = in G. 

The latter formulation is equivalent to the following: (ii') Let m be a 
solution to (11.11) and consider two open concentric balls C C G 
such that M = on then m = in Br. The problem of unique 
continuation, both (i) and (ii), is still, to the best of our knowledge, an 
open problem, except for the linear case p = 2. The planar case for (ii) 
has been solved by Manfredi in [12], see also Bojarski and Iwaniec [1], 
as they have observed that the complex gradient of a solution to (II. ip 
is quasiregular. 

We refrain from giving a detailed bibliographical account on the lit- 
erature on unique continuation results for elliptic equations. We refer 
to the papers [1] and [S] by Garofalo and Lin, and suggest the reader to 
consult also their bibliographies for more detailed information on the 
subject. 
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In the present paper, we deal with the problem of unique continua- 
tion by studying a certain generalization of Almgren's frequency func- 
tion for the p-Laplacian. By this approach we have obtained some 
partial results on the unique continuation problem in both cases (i) 
and (ii). These results, along with the notation and the preliminary 
results, are stated in § [2l The proofs can be found in § [SHSl 



2. Results 

Let G be an open connected subset of M". We consider the p-Laplace 
equation (II. ip in the weak form 

/ \Vu\P-^yu-V'qdx = 0, (2.1) 
Jg 

where rj G C^{G) and 1 < p < oo. We refer the reader to, e.g., 
Heinonen et al. [7] and Lindqvist [TT] for a detailed study of the p- 
Laplace equation and various properties of its solutions. We mention 
in passing, however, that the weak solutions of f ll.ip are C^^^{G), where 
a depends on n and p. We refer to DiBenedetto [2], Lewis [TD], and 
Tolksdorf [15] for this regularity result. Hence, without loss of gener- 
ality, we may redefine u so that u G Wl^^iG) fl C^{G). 
Let us introduce the frequency function 

F,{r) = .' ^ , (2.2) 

aof \ \U\P db 
JaB(x,r) I I 

where B{x,r) C G; we denote 

D{r)= [ \Vu\Pdx and J(r) = [ \u\PdS. 

J B{x,r) JdB{x,r) 

Observe that Fp{r) is not defined for such radii r for which /(r) = 0. 
We remark that Fp{r) is a generalization of the well known Almgren 
frequency function 

r ('f . I VmP dx 

JdB{x,r) \^\ ""^ 

for harmonic functions in M". To the best of our knowledge, Fp{r), 
p 2, has not been previously studied in the literature. It might 
be interesting to study other generalizations, for instance, the case in 
which r is replaced with r^"^ in (12. 2p . We have, however, omitted such 
considerations here. 

The main results of the present paper are the following theorems. 

Theorem 2.4. Suppose u G Wl^^iG) fl G'^{G) is a solution to the p- 
Laplace equation in G. Consider an affine function 

L{x) = l{x) + /o, 
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where Iq and 



n 




i=l 



Then if u{x) = L{x) in Br C G, u{x) = L{x) for every x E G. 

Observe that the affine function L{x) satisfies the p-Laplace equa- 
tion. 

The proof of Theorem 12.41 can be generahzed to justify the follow- 
ing, see Remark 13.51 for a more detailed discussion. Suppose u, v E 
Wj)j'^(G) n C^(G') are two solutions to the p-Laplace equation in G. 
Assume further that Vf 7^ in G. Then if u{x) = v{x) in Br C G, 
u{x) = v{x) for every x E G. 

Toward more general results we state the following theorems. 

Theorem 2.5. Suppose u G C^{G). Assume further that there exist 
two concentric halls B^^ C -B/j^ C G such that the frequency function 
Fp{r) is defined, i.e., I{r) > for every r G {rb,Rb], and moreover, 
\\Fp\\L°°{{r,,,Rt]) < 00. Then there exists some r* G {rb,Rb] such that 



for every ri, r2 G {rh,r*]. In particular, the following weak doubling 
property is valid 



for every r E (ri,, r*] . 

In the following we formulate a partial result on the unique con- 
tinuation problem for the p-Laplace equation. It says that the local 
boundedness of the frequency function implies the unique continuation 
principle. In this respect the situation is similar to the linear case 
p = 2, and we thus generalize this phenomenon to every 1 < p < 00. 

Theorem 2.8. Suppose u is a solution to the p-Laplace equation in G. 
Consider arbitrary concentric balls Br^ C B^^ C G. Assume the follow- 
ing: whenever I (r) > for every r E {rh,Rb], then ||-Fp||L°°{(rf,,_Rf,]) < 00. 
Then the following unique continuation principle follows: If u vanishes 
on some open ball in G, then u is identically zero in G. 

It remains open problem whether the frequency function Fp{r) is 
locally bounded for the solutions to the p-Laplace equation. Local 
boundedness combined with the method of the present paper would 
solve the unique continuation problem for equation flLip . In § |6] we 
discuss some observations which might be of interest for further studies. 
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(2.6) 




(2.7) 



2.1. Preliminaries. Throughout the paper G is an open connected 
subset of M", n > 2, and 1 < p < oo. We use the notation Br = B{x, r) 
for concentric open balls of radii r centered at x G G. Unless other- 
wise stated, the letter C denotes various positive and finite constants 
whose exact values are unimportant and may vary from line to line. 
Moreover, dx = dxi . . . dxn denotes the Lebesgue volume element in 
M", whereas dS denotes the surface element. We denote by \E\ the 
n-dimensional Lebesgue measure of a measurable set E C M". The 
characteristic function of E is denoted by xe- Along dB^ is defined 
the outward pointing unit normal vector field at x G dBy. and is de- 
noted by = (z/i, . . . , z/„)(x). We will also write = Vu ■ v or 
dujdv for the directional derivative of u. Define sets and A^^ as 
follows 

Pr = {x ^ dBr : u{x) > 0} and = {x e dB^ : u{x) < 0}. 

We obtain the following formula for the derivative of /(r) in (12.21) . 
Consult similar calculations in Garofalo-Lin for the case p = 2. 

I'ir) = ^ fr^-i / u^iru) du + r^-^ / {-u)P{rco) du 

V JPindBi JNindBi 

n — 1 



r"-M / uP{ru)du+ {-uy{ru)du 

\JPindBi JNindBi 

+ pr"^^ i / vF~^{ru)ur{ru) du 

KJpindBi 

{—uY~^ {ru)ur(ru) du 

NindBi 



n 



{{uxp^r + {-uxN,.y) ds 



dBr 



+ pj^^ [uxpj^' - {-uxnJ-') ^ dS (2.9) 



'dBr 

Formula (I2.9|l gives us the inequality 



I'{r)<- — -I{r)+p I \u\P'^\u^\dS. (2.10) 



'dBr 

We shall also need the following formula for the solutions to the p- 
Laplace equation. It is probably earlier known in the literature, but 
we provide it here due to the lack of references. 

Lemma 2.11. Suppose u is a solution to the p- Laplace equation in G. 
Then the following identity holds for the p-Dirichlet integral 

I \Vu\Pdx= j \Vu\''-\u^dS (2.12) 



for every B^ C G. 
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Proof. As in the classical case p = 2 the proof is based on the Gauss- 
Green theorem. In the general case 1 < p < oo, however, u is not 
necessarily in C'^{G). Hence we have to use an approximation argu- 
ment; we will use the approximation method presented by Lewis in |1U] . 
Consider a ball Bj. and a bounded open set D such that Bj. C D C. G. 
Let < e < 1. Following [TU] we construct a sequence of functions 
Us € W^'^{D) n C°°{D) such that they minimize the variational inte- 
gral 

J D 

over all admissible functions in J^u{D) = {f G W^''^{D) : v — u E 
Wl'^{D)}. It is well known that the minimizing function is unique. 
The function is a solution to uniformly elliptic equation in the weak 
form 

Jd 

for all rj G C^{D), which is equivalent to 

by the Gauss-Green theorem and the fact, cf. Lewis [10], that -Ug e 
C°°{D). Then we consider the vector field 

It is clear that Ue G C^{D). We may apply the Gauss-Green theorem 
to Us and obtain the following formula 

[ \Vus\mVus\' + eY^'~' dx 

= [ {\Vus\' + ef''\s^dS. (2.13) 

Above we used the fact that 

j Ue^ ■ ((I Vm,P + eY'^'^ Vwe) dx = 0. 

t/ Br 

Due to Lewis jTOl Theorem 1], there exists a > 0, depending only on p 
and n, and positive A < oo, depending only on p, n, and D, such that 

max\Vus{x)\ < A, (2.14) 

and for each x,y E D 

\Vus{x)-Vus{y)\<A\x-y\''. (2.15) 

In particular, constants A and a are independent of e. From (12.141) . 
(I2.15p . the Poincare inequality (see, e.g., [7]) and from the weak com- 
pactness of W^'P, it follows that a subsequence of {us} converges weakly 
to a function v in W^'^, and v G J^u{D). To prove that v minimizes the 
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p-Dirichlet integral X = Jj^ \ Vip\^dx over J^u{D), suppose ^ J^u{D) 
is arbitrary. Since is the minimizing function we obtain 

X{ijj) = limXei^Jj) > liminf Xe(iie) > X{v), 

e— >-0 e— >-0 

where in the last inequality we used Reshetnyak's lower semicontinuity 
theorem, see [131 Theorem 1.1]. Hence v minimizes the p-Dirichlet 
integral in Fu{D), and so f = m. 

To apply the Ascoli-Arzela principle we need to verify that the se- 
quences {ug} and {Vue} are uniformly bounded and equicontinuous. 
These two properties for the latter sequence follow from fl2.14p and 
f l2.15p . In addition, equicontinuity of {11^} follows from fl2.14p and 
Morrey's lemma, see, e.g., [HI § 2.3, Lemma 4.1]. That the sequence 
is uniformly bounded follows from the weak maximum principle of the 
p-Laplace equation. 

The Ascoli-Arzela theorem implies that there exists a subsequence 
of [ue] and of {Vwe}, both still denoted by {ug} and {Vwe}, such that 
iig and Vug converge uniformly to u and Vm in D, respectively. We 
then obtain the identity (I2.12p by passing to the limit in fl2.13p . □ 

Remark 2.16. Equation fl2.12p is a generalization of the corresponding 
equation for harmonic functions in M" 

/ \Vu\^ dx = I uUiydS. 

J Br JdBr 

From this identity one deduces that the denominator of F2{r) in (12. 3p 
is non- decreasing. For general 1 < p < 00 we do not know whether 
J(r) is monotone. 

It is noteworthy that one can even provide a characterization for 
harmonic functions by way of the above identity by applying the well 
known Rado type theorem. 

We can readily deduce the following from Lemma I2.11[ 

Lemma 2.17. Suppose u is a solution to the p-Laplace equation. Then 
the following inequality is valid 

p[ \Vu\^dx<{p-l) [ \Vu\PdS+ I \u\PdS. (2.18) 

J Br JdBr JdBr 

Proof. From (I2.12p using Young's inequality we simply obtain 

I \Vu\Pdx < I \Vu\P-'^\u\dS 

<^^/ \VufdS + - [ \u\PdS. 

P JdBr P JdBr 

□ 
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Remark 2.19. Suppose -u is a solution to the p-Laplace equation and 
let Z = {x E Br : u{x) = 0} . If there exists a constant < 7 < 1 such 
that \Z\ > 7 1 -Br 1 5 then there exists a constant C, depending on n, p, 
and 7, such that, cf. Giusti [B], 



\u\Pdx < CrP / \Vu\'Pdx. 

Br J Br 



Plugging this into f l2.18p we have 



\u\Pdx<CrP( / \Vu\PdS+ / \u\PdS 

Br \JdBr JdBr 
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where C depends on n, p, and 7. 



3. Proof of Theorem 12.41 

Note that the p-Laplace equation, (11.11) . can be written in a different 
form as follows 

ApU = |Vti|^"^f |Vm|^Am +{p-2) ^ ) = 0, 

and we may study the equation 

n 

\Vu\^Au + (p - 2) ^ u^iUx^Ux.x, = 0. (3.1) 

Equation (13. ip characterizes the weak solutions u G C^(G) of the p- 
Laplace equation. We invoke Juutinen et al. [S] and Lindqvist [H] for 
this nontrivial fact. Consider affine function L{x) = l{x) + Iq, Iq E M, 
l{x) 7^ 0. We shall show that the difference u — L, where m is a solution 
to (13. ip . satisfies a modified uniformly elhptic equation of the form 

n n 

aijVx.x, + ^hi{x)vx, = 

i,j=l 2=1 

with constant coefficients (aij) and the drift term bi{x) is continuous in 
G. Clearly, ApL = 0. Let a := (ai, . . . , «„) = VL, and we denote the 
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difference u — L hj h. We proceed by manipulating (13.1 p as follows 

n 

= I Vm^Am + (p - 2) ^ Ux.Ux^UxiXj 
= |(Vm - a) + a\'^Au 

n 

+ (p - 2) ^ ((u^, - tti) + tti) {{u^^ - aj) + aj) u^^^. 
= (|Vm - + 2(Vu - a) ■ a + Au 

+ (P - 2) ^ {u^i - a-i){ux^ - aj)ux^x^ 

n n 

i,j=l i,i=l 
n 

After rearranging the terms we obtain 

n 

lal^A-u + (p — 2) X^ OiiajUxiXj + |Vm — a|^A-u + 2{Vu — a) ■ aAu 
+ - 2) X (m^^ - ai){ux^ - aj)ux,x, 

n n \ 

+ ~ <yi)ux,xj + X - 0!j)ux,x, I = 0. 

Clearly Am = Ah and V/i = Vm — a, thus we get the following equation 

n 

\afAh + {p-2) ^ aiajhx^x, + \Vh\'^Ah + 2{Vh ■ a)Ah 

(n n n 

hx,hx^hx,x, + X ajhxihxiXj + ^ aihx.hx^x, 
i,j=l i,j=l j,i=l 

By inspecting this last equation we observe that it can be written in 
the following form 



\a\ 



'Ah + (p - 2) X aiajhx^x, + J2 ^i(^)^-. = 0- (3-2) 

i,j=l i=l 



We study the quadratic form in f l3.2p . Note that by the Schwarz in- 
equahty 

n / " \ ^ 

i,j=l \i=l J 

Thus, in the case in which p > 2 we obtain the following 

n 

{p - i)ianer > i«riei' + (p - 2) y ^^^mj > > 0, 

whereas if 1 < p < 2 we deduce the following 

n 

Hence, the quadratic form is positive definite, and equation fl3.2p is 
uniformly elliptic for all 1 < p < cxd. Moreover, since the principal part 
coefficients are constants fl3.2p can be written in the divergence form. 

Due to results by Garofalo and Lin in [5] and [1] , the unique contin- 
uation principle is valid for the equation 

- V ■ {A{x)Vu) + b{x) ■ Vu + V{x)u = 0, (3.3) 

where A{x) = (^^^(a;))"^^]^ is a real symmetric matrix-valued function 
satisfying the uniform ellipticity condition and it is Lipschitz continu- 
ous. The lower order terms, the drift coefficient b{x) and the potential 
V{x), are even allowed to have singularities. The reader should consult 
(1.4)-(1.6) in [5j| for the exact structure conditions of b and V. 

To be more precise, one of the main results in ^ is that if f is a 
solution to (13. 3p in G, then v satisfies the following doubling property 



v'dx<C dx, (3.4) 

where i?2r C Bf. C G, and the constant G depends on n, v, the elliptic- 
ity and the Lipschitz constant of A{x), and the local properties of b{x) 
and V, and f depends on the aforementioned parameters but not on 
the function v. See [5] for more details. Then if v vanishes of infinite 
order at xq G G, i.e.. 



[ v^dx = 0{r^) 

JB(xa,r) 



'B{xo,r) 

for every G N, as r — )■ 0, f must vanish identidally in G. This is 
a consequence of (13. 4p . we consult the proof of Theorem 1.2 in [4] for 
this fact. Also the following follows by such reasoning: if v vanishes 
identically on a subdomain of G, then it vanishes on the whole G, see 
Tao-Zhang [TU Corollary 2.6]. 



To conclude, since our equation f l3.2p is of the type (13.31] with V = 
and the drift term, b{x), is continuous, we obtain the claim from the 
results in [S] as explained above. 

Remark 3.5. An argument many ways analogous to the preceding proof 
justifies the following more general claim: Suppose m, f G W^j^f (G) fl 
C^(G) are two solutions to the p-Laplace equation in G. Assume fur- 
ther that Vf 7^ in G. Then if u{x) = v{x) in C G, u{x) = v{x) for 
every x & G. This observation is obtained by considering (13.1 p which 
is satisfied by both u and v. By substracting and denoting h = u — v 
we end up having the following equation in nondivergence form 

+ (P 

Since u and v are in C^(G) it is well known that equation (13. 6p can be 
rewritten into divergence form, see, e.g., [3l §6]. In addition, equation 
(13. 6p in divergence form is uniformly elliptic for all 1 < p < oo since 
Vf 7^ in G. A reasoning similar to the one in the preceding proof 
gives the claim. 



- 2) ^ v.^v^^h,^,^ + {{Vv + Vu) ■ Vh) Au 



2) ^ Ux.xj f v^^hx^ + u^.K^ j = 0. (3.6) 
i,j=i ^ ^ 



4. Proof of Theorem 12.51 

Let u be an arbitrary function in (G) and consider two balls Br C 
Bg C G such that < /(r) < I{s) for r < s, r, s E (rf,, Integrate 
both sides of inequality (I2.10p over (r, s) to get the following estimate 

/(s) -/(r) < (n- 1)^ ^dt + pj^ (^j \u\P~^\uu\dS^dt 

< (^-lU(^)log^ + £((^oP)-^/(^-^)^^^^ KdS 
+ eopt / iVufds] dt 

JdBt J 



< in- 



1)1 (s) log - + (eopr^^^''-^\p - l)I(s) r dt 

r Jr 

+ eops / \Vu\Pdx. (4.1) 



We applied above Young's inequality 



ab < eooF + {e^py'^'q-^W , 
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£0 > 0, in the case in which a = \ui^\t^^P and b = \u\p We shall 

fix £0 later. We divide inequality (14. ip by I{s) and obtain 



I{s) 

+ eopFpis) (4.2) 

for every r, s G {rh,Rh], r < s such that /(r) < /(s). Since the fre- 
quency function Fp{r) is locally bounded by the hypothesis of the the- 
orem, we denote M = ||-Fp||L°°((r6,/?i,]) < 00. In addition, we note that 
functions log ^ and ^-^/(p-^) dt in tend to zero when r goes to 
s. In order to get each term on the right-hand side in (14. 2 p smaller 
than, say, 1/4 we first set Eq = l/(4pM) and then choose a radius 
To G {rb, Rb] so close to rj, such that 

(n - 1) log - < i and (£op)"'/^^"'^(p - 1) f T^'^P'^'^ dt <j 

for each pair r, s G (rf,,ro], r < s. Since r /(r) is continuous on 
[rb,ro], there exists a radius r* G (r^, tq] such that 

J(r*) = max /(r). 

''e[r6,ro] 

Then we clearly have < /(r) < /(r*) for each r G (rf,,ro]. Therefore, 
by the above reasoning, we obtain for r G (r^, r*] C (r^,, Tq] the following 

/(r*) - /(r) ^ 3 
7(r^) - 4' 

and hence a weak doubling property for all radii r G {vb, r*] 

I{r*) < 4/(r). 

We stress here that although the constant in the preceding weak dou- 
bling property is uniform, the radius r* depends on the function u. 
Inequality (12. 6 p follows from the fact that r* provides the maximum 
value of /(r) on [r6,ro]. 

5. Proof of Theorem 12.81 

Suppose on the contrary that the function u, a non-trivial solution 
to the p-Laplace equation (II. ip . vanishes in a ball -B^ but u is not 
identically zero in a concentric open ball Br2, where Br^ C G. We 
remark that the frequency function, Fp{r), is not defined on [0,ri]. 

Let t > and consider an open ball Bt which is concentric with i?^ 
and Br2- Define 

s = sup{t > : uloBt = 0}. 

The aforementioned assumptions imply that s G (ri,r2). We note, in 
addition, that due to Lemma 12.111 we may conclude u\dBp does not 
vanish identically for any radii p G (s,r2], hence J(p) 7^ 0. Then the 
frequency function Fp{r) is defined on (s,r2], moreover r 1— Fp{r) is 
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absolutely continuous on this half open interval, and by the hypothesis 
of the theorem Fp{r) is bounded on (s,r2]. Theorem 12.51 implies the 
existence of a radius r* G (s,r2] such that the following weak doubling 
property holds 

I{r*) < 4/(r), 

for every r G {s,r*]. Since /(r) — as r — > s we have reached a 
contradiction. 



6. Further remarks 

We close the paper by giving a few remarks which might be of interest 
for further studies. 

Suppose M is a non-trivial solution to the p-Laplace equation. As- 
sume further that there exists a positive constant A < oo such that for 
any Br G G 

I \Vu\'PdS<A I \u\^dS. (6.1) 

JdBr JdBr 

Combining fl6.ip with f l2.18p we obtain 

\Vu\Pdx <C I \u\^dS, 

Br ^ QB-r 

for some C depending only onp and A, and hence that ||-Fp||L°°((rb,H6]) < 
oo. Theorem 12.81 implies that u satisfies the unique continuation prin- 
ciple. 

Theorem 12.51 tells that the boundedness of the frequency function 
implies (12. 6p and, more importantly, the weak doubling property (12. 7p . 
In the following, we shall show that also the converse is true in a 
situation in which a certain additional assumption, which is valid in 
the case p = 2, is satisfied. Suppose inequality (12. 6p holds for every 
ri, r2 G (r5,r*]. Assume further that there exists a positive constant 
y4 < oo such that 

j \u\Pdx<Ar I \u\PdS, (6.2) 

J Br ^ QBr 

where C G. Let m be a solution to the p-Laplace equation. It 
therefore satisfies a Caccioppoli type estimate. More precisely, there 
exists a positive constant C < oo, depending on p, such that for all 
-Br- C -Bp C G we have 

\^u\P dx<—^^— I \u\^dx. 

Br [p - Jb, 

Let r G (rfc,r*]. The weak doubling property (12. 7p . the Caccioppoli 
estimate, and (16. 2p altogether imply the following estimate 

F ^ rJsJ^^l'dx ^ Cr L^Ju\^ dx ^ ^ rr* 

IdBrl^l'dS - ir^-ryjg^^Ju\PdS - (r^-r)f' 
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where the constant C depends on n, p, and A. To conclude, the fre- 
quency function remains bounded as r tends to r^. 

We close the paper by remarking that convexity of \u\^ dx implies 
(16. 2p with A = 1. For harmonic functions, moreover, it is easy to prove 
that both 

dx and / dS 

are indeed convex in R", n > 2. Convexity of the latter follows by 
showing that 

^ u^dS] >0. 

dBr 



dr \r 
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